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Abstract. Recently, Andrews, Dixit and Yee introduced partition functions associated with Ramanu-
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generating functions for those partition functions as well as the associated smallest parts functions
and deduce several new congruences modulo powers of 5.
Key Words: Partition; partition congruence; Smallest Parts function; mock theta function; generating
function.
2010 Mathematical Reviews Classification Numbers: Primary 11P83; Secondary 05A15, 05A17.
1. Introduction
A partition λ = (λ1, λ2, · · · , λk) of a positive integer n is a finite sequence of non-
increasing positive integer parts λi such that n =
∑k
i=1 λi. For example, the partitions
of 5 are (5), (4, 1), (3, 2), (3, 1, 1), (2, 2, 1), (2, 1, 1, 1), (1, 1, 1, 1, 1).
Let p(n) denote the number of partitions of a positive integer n. With the convention
that p(0) = 1, the generating function for p(n) is given by
∞∑
n=0
p(n)qn =
1
(q; q)∞
, (1.1)
where, here and for the sequel, we use the customary q-series notation:
(a; q)0 := 1, (a; q)n :=
n−1∏
k=0
(1− aqk), n ≥ 1,
and
(a; q)∞ := lim
n→∞
(a; q)n, |q| < 1.
For any positive integer j, for brevity, we also use Ej := (q
j; qj)∞.
In 1919, Ramanujan [25] proved that
∞∑
n=0
p(5n+ 4)qn = 5
E55
E61
, (1.2)
which immediately implies one of his three famous partition congruences, namely,
p(5n+ 4) ≡ 0 (mod 5).
In [8], the authors found exact generating functions for Q(5n + 1), Q(25n + 1) and
Q(125n+26), where Q(n) denotes the number of partitions of a nonnegative integer into
distinct (or, odd) parts. In sequel, in this paper, we find several new exact generating
functions for some partition functions associated with Ramanujan/Watson third order
1
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mock theta functions as well as the associated smallest parts functions and deduce
several new congruences modulo powers of 5.
Recently, partition-theoretic interpretations of mock theta functions have been the
subject of prominent study. Garthwaite [17] showed the existence of infinitely many
congruences for the third order mock theta function
ω(q) :=
∞∑
n=0
q2n
2+2n
(q; q2)2n+1
=
∞∑
n=0
aω(n)q
n. (1.3)
However, the first explicit congruences were given by Waldherr [27]:
aω(40n+ 27) ≡ aω(40n+ 35) ≡ 0 (mod 5). (1.4)
Recently, Andrews, Dixit and Yee [5] introduced partition functions associated with
ω(q) and ν(q), where the latter one is a third-order mock theta function,
ν(q) :=
∞∑
n=0
qn(n+1)
(−q; q2)n+1 .
It is worthwhile to note that ω(q) and ν(q) are related by [16, p. 62, Eq. (26.88)]:
ν(−q) = qω(q2) + E
3
4
E22
.
Let pω(n) denote the number of partitions of n in which each odd part is less than
twice the smallest part and let pν(n) denote the number of partitions of n in which the
parts are distinct and all odd parts are less than twice the smallest part. It was shown
by Andrews, Dixit and Yee [5] that
∞∑
n=1
pω(n)q
n = qω(q) (1.5)
and
∞∑
n=1
pν(n)q
n = ν(−q). (1.6)
By (1.3) and (1.5), it is clear that pω(n) = aω(n−1), and hence, Wladherr’s congruences
(1.4) can be recast as
pω(40n+ 28) ≡ pω(40n+ 36) ≡ 0 (mod 5). (1.7)
Recently, Andrews, Passary, Sellers and Yee [7] found an elementary proof of the above
congruences. They also proved several congruences modulo 2 and infinite families of
congruences modulo 4 and modulo 8 for pω(n) and pν(n). Motivated by the works in
[5, 7], Wang [28] and Cui, Gu and Hao [14] found many new congruences satisfied by
pω(n) and pν(n) modulo 11 and modulo powers of 2 and 3. In particular, Wang [28]
derived the following exact generating functions:
∞∑
n=0
pν(2n)q
n =
E32
E21
, (1.8)
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∞∑
n=0
pω(8n + 4)q
n = 4
E102
E91
. (1.9)
In fact, the first identity was proved earlier by Hirschhorn and Sellers [20, Eq. (9)]
while proving some results for the so-called 1-shell totally symmetric plane partitions,
first introduced by Blecher [11]. It is to be noted that
pν(2n) = f(6n+ 1), (1.10)
where f(n) counts the number of 1-shell totally symmetric plane partitions of n. We
refer to [11] and [20] for definition and further details. Xia [30] proved that
∞∑
n=0
f(30n+ 25)qn =
∞∑
n=0
pν(10n+ 8)q
n = 5
E22E
2
5E10
E41
, (1.11)
which is the exact generating function of pν(10n+8) and the congruence (1.21) below,
proved by Andrews, Dixit and Yee [5], follows immediately. Xia [30] also proved that
f(750n+ 625) ≡ 0 (mod 25),
which is clearly equivalent to
pν(250n+ 208) ≡ 0 (mod 25). (1.12)
In this paper, we find the following representation of the generating function of
pν(50n+ 8).
Theorem 1.1. We have
∞∑
n=0
pν(50n+ 8)q
n = 5
(
E52E
4
5
E61E
2
10
+ 160q
E112 E
4
5
E141
+ 2000q2
E112 E
10
5
E201
)
. (1.13)
We also deduce (1.12) and the following new congruence modulo 125.
Corollary 1.2. For any nonnegative integer n, we have
pν(6250n+ 5208) ≡ 0 (mod 125). (1.14)
From (1.10), Theorem 1.1 and Corollary 1.2, we also have the following new results
on f(n), the number of 1-shell totally symmetric plane partitions of n.
Theorem 1.3. We have
∞∑
n=0
f(150n+ 25)qn = 5
(
E52E
4
5
E61E
2
10
+ 160q
E112 E
4
5
E141
+ 2000q2
E112 E
10
5
E201
)
.
Furthermore, for any nonnegative integer n,
f(18750n+ 15625) ≡ 0 (mod 125).
Now we briefly mention a few simple consequences of the generating function (1.9)
and our work on this function.
We observe that Waldherr’s congruences (1.7) can be easily deduced from (1.9) as
follows. By the binomial theorem,
E51 ≡ E5 (mod 5). (1.15)
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Therefore, from (1.9), we have
∞∑
n=0
pω(8n + 4)q
n ≡ 4E
2
10E1
E25
(mod 5),
which can be rewritten with the aid of famous Euler’s pentagonal number theorem [10,
p. 12]
E1 =
∞∑
k=−∞
(−1)kqk(3k+1)/2,
as
∞∑
n=0
pω(8n+ 4)q
n ≡ 4E
2
10
E25
∞∑
k=−∞
(−1)kqk(3k+1)/2 (mod 5).
Since k(3k+1)/2 ≡ 0, 1, or 2 (mod 5) only, equating the coefficients of q5n+r, r = 3, 4
from both sides of the above, we easily arrive at (1.7).
In this paper, we prove the following representation of the generating function of
pω(40n+ 12).
Theorem 1.4. We have
∞∑
n=0
pω(40n+ 12)q
n = 4
(
9
E22E5
E21
+ 3975q
E32E
3
10
E51
+ 207425q2
E42E
6
10
E81E5
+ 4229000q3
E52E
9
10
E111 E
2
5
+ 44850000q4
E62E
12
10
E141 E
3
5
+ 274000000q5
E72E
15
10
E171 E
4
5
+ 980000000q6
E82E
18
10
E201 E
5
5
+ 1920000000q7
E92E
21
10
E231 E
6
5
+ 1600000000q8
E102 E
24
10
E261 E
7
5
)
. (1.16)
We also deduce the following interesting congruence recently proved by Xia [31].
Corollary 1.5. For integers n ≥ 0 and k ≥ 0, we have
pω
(
8× 52k+1n+ 7× 5
2k+1 + 1
3
)
≡ (−1)kpω (40n+ 12) (mod 5). (1.17)
The smallest parts function spt(n), counting the total number of appearances of the
smallest parts in all partitions of n, was introduced by Andrews [1], and the function
has received great attention since its introduction. For example, see [3, 4, 13, 15, 18,
22, 23, 24].
Andrews, Dixit and Yee [5] also studied the associated smallest parts functions
sptω(n) and sptν(n), which count the number of smallest parts in the partitions enu-
merated by pω(n) and pν(n), respectively. Of course, sptν(n) = pν(n). They proved
the congruences
sptω(5n+ 3) ≡ 0 (mod 5), (1.18)
sptω(10n+ 7) ≡ 0 (mod 5), (1.19)
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sptω(10n+ 9) ≡ 0 (mod 5), (1.20)
sptν(10n+ 8) = pν(10n+ 8) ≡ 0 (mod 5), (1.21)
where the first congruence was also independently established by Garvan and Jennings-
Shaffer [19]. In fact, Garvan and Jennings-Shaffer [19] introduced a crank-type function
that explains the congruence (1.18). The asymptotic behavior of that crank function
was studied by Jang and Kim [21]. As mentioned earlier, (1.21) immediately follows
from (1.11), a fact not possibly noticed by the authors of [5]. In [6], Andrews, Dixit,
Schultz and Yee studied the overpartition analogue of pω(n), namely, pω(n), which
counts the number of overpartitions of n such that all odd parts are less than twice the
smallest part, and in which the smallest part is always overlined. They also studied
sptω(n), the number of smallest parts in the overpartitions of n in which the smallest
part is always overlined and all odd parts are less than twice the smallest part. They
found several congruences modulo 2, 3, 4, 5 and 6 for pω(n) and sptω(n). They [6,
Problem 1] also raised the question of relating the generating function of pω(n) to
modular forms. Recently, the question was answered in affirmative by Bringmann,
Jennings-Shaffer and Mahlburg [12].
Recently, Wang [28] and Cui, Gu and Hao [14] also found many new congruences
satisfied by pω(n), sptω(n) and sptω(n) modulo powers of 2 and 3. In particular, Wang
[28] derived the following exact generating functions:
∞∑
n=0
sptω(2n+ 1)q
n =
E82
E51
, (1.22)
∞∑
n=0
sptω(2n+ 1)q
n =
E92
E61
. (1.23)
We note that congruences (1.19) and (1.20) can be easily deduced from (1.22) as in
the following. Taking congruences modulo 5 in (1.22) and using (1.15), we have
∞∑
n=0
sptω(2n+ 1)q
n ≡ E10E
3
2
E5
(mod 5). (1.24)
Employing Jacobi’s identity [10, p. 14]
E31 =
∞∑
k=0
(−1)k(2k + 1)qk(k+1)/2, (1.25)
in (1.24), we have
∞∑
n=0
sptω(2n + 1)q
n ≡ E10
E5
∞∑
k=0
(−1)k(2k + 1)qk(k+1) (mod 5). (1.26)
Since k(k + 1) ≡ 0, 1, or 2 (mod 5), equating the coefficients of q5n+r, r = 3, 4 from
both sides of the above, we easily arrive at (1.19) and (1.20). Furthermore, we note that
k(k+1) ≡ 1 (mod 5) only when k ≡ 2 (mod 5), that is, only when 2k+1 ≡ 0 (mod 5).
Therefore, equating the coefficients of q5n+1 from both sides of the above we arrive at
sptω (10n+ 3) ≡ 0 (mod 5), (1.27)
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which is, in fact, contained in (1.18).
Wang [28] offered the following interesting conjecture.
Conjecture 1.6. For any integers k ≥ 1 and n ≥ 0,
sptω
(
2 · 52k−1n + 7 · 5
2k−1 + 1
12
)
≡ 0 (mod 52k−1), (1.28)
sptω
(
2 · 52kn+ 11 · 5
2k + 1
12
)
≡ 0 (mod 52k). (1.29)
The above conjecture has been proved recently with the aid of modular forms by
Wang and Yang [29].
The cases k = 1 and 2 of the above congruences are (1.27),
sptω (50n+ 23) ≡ 0 (mod 52), (1.30)
sptω (250n+ 73) ≡ 0 (mod 53), (1.31)
and
sptω (1250n+ 573) ≡ 0 (mod 54). (1.32)
In this paper, we find the following exact generating functions of sptω (10n+ 3) and
sptω (50n+ 23).
Theorem 1.7. We have
∞∑
n=0
sptω (10n+ 3) q
n = 5
(
E21E5 + 6q
E2E
3
10
E1
+ 25q
E82E
5
5
E101
)
, (1.33)
∞∑
n=0
sptω (50n+ 23) q
n
= 25
(
E1E
2
5 + 6q
E2E5E
3
10
E21
+ 25
(
2q
E31E
4
10
E42
+ 25q3
E31E
10
10
E102
)
+ 50
(
E161 E
3
10
E152 E5
+ 150q
E131 E
6
10
E142 E
2
5
+ 5650q2
E101 E
9
10
E132 E
3
5
+ 101825q3
E71E
12
10
E122 E
4
5
+ 1068125q4
E41E
15
10
E112 E
5
5
+ 7042500q5
E1E
18
10
E102 E
6
5
+ 29800000q6
E2110
E21E
9
2E
7
5
+ 79000000q7
E2410
E51E
8
2E
8
5
+ 120000000q8
E2710
E81E
7
2E
9
5
+ 80000000q9
E3010
E111 E
6
2E
10
5
)
+ 625q
(
63
E82E
6
5
E111
+ 6500q
E82E
12
5
E171
+ 196875q2
E82E
18
5
E231
+ 2343750q3
E82E
24
5
E291
+ 9765625q4
E82E
30
5
E351
))
. (1.34)
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Note that the congruences (1.27) and (1.30) follow trivially from the above theorem.
In this paper, we also deduce (1.31) and (1.32).
There are several congruences for sptω(n) modulo 11 and powers of 2 and 3 (For
example, see [6, 28, 14]). But for modulo 5, to our knowledge, the following congruence,
found by Andrews et al. [6], is the only available one:
sptω (10n+ 6) ≡ 0 (mod 5).
In this paper, we present the following exact generating function of sptω (10n+ 5) and
sptω (50n+ 25).
Theorem 1.8. We have
∞∑
n=0
sptω (10n+ 5) q
n = 18E21E10 + 720q
E2E
4
10
E1E5
+ 7625q2
E22E
7
10
E41E
2
5
+ 32500q3
E32E
10
10
E71E
3
5
+ 50000q4
E42E
13
10
E101 E
4
5
(1.35)
and
∞∑
n=0
sptω (50n+ 25) q
n = 8327E2E
2
5 + 28312350q
E22E5E
3
10
E31
+ 7557865625q2
E32E
6
10
E61
+ 678027312500q3
E42E
9
10
E91E5
+ 3072484775× 104q4E
5
2E
12
10
E121 E
2
5
+ 84314744× 107q5E
6
2E
15
10
E151 E
3
5
+ 154486601× 108q6E
7
2E
18
10
E181 E
4
5
+ 20019467× 1010q7E
8
2E
21
10
E211 E
5
5
+ 18998414× 1011q8E
9
2E
24
10
E241 E
6
5
+ 134691824× 1011q9E
10
2 E
27
10
E271 E
7
5
+ 71952464× 1012q10E
11
2 E
30
10
E301 E
8
5
+ 28911776× 1013q11E
12
2 E
33
10
E331 E
9
5
+ 862432× 1015q12E
13
2 E
36
10
E361 E
10
5
+ 1856× 1018q13E
14
2 E
39
10
E391 E
11
5
+ 272896× 1016q14E
15
2 E
42
10
E421 E
12
5
+ 24576× 1017q15E
16
2 E
45
10
E451 E
13
5
+ 1024× 1018q16E
17
2 E
48
10
E481 E
14
5
. (1.36)
As a consequence, we also deduce the following new congruences.
Corollary 1.9. Let ℓ ∈ {1, 2, 3, 4, 5, 6}. Then for integers k ≥ 0 and n ≥ 0, we have
sptω
(
52k+ℓ−1 (10n+ 5)
) ≡ sptω (5ℓ−1 (10n+ 5)) (mod 5ℓ). (1.37)
Furthermore, we have
sptω
(
52 (10n+ 3)
) ≡ sptω (52 (10n+ 7)) ≡ 0 (mod 52), (1.38)
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sptω
(
54 (10n+ 3)
) ≡ sptω (54 (10n+ 7)) ≡ 0 (mod 54), (1.39)
sptω
(
56 (10n+ 3)
) ≡ sptω (56 (10n+ 7)) ≡ 0 (mod 56). (1.40)
It is worthwhile to mention that congruences similar to the above for modulo 5ℓ for
some ℓ > 6 might be deduced similarly from (1.36). We propose the following general
conjecture.
Conjecture 1.10. For integers ℓ ≥ 1, k ≥ 0 and n ≥ 0, we have
sptω
(
52k+ℓ−1 (10n+ 5)
) ≡ sptω (5ℓ−1 (10n+ 5)) (mod 5ℓ)
and
sptω
(
52ℓ (10n+ 3)
) ≡ sptω (52ℓ (10n+ 7)) ≡ 0 (mod 52ℓ).
We employ some well-known identities for the Rogers-Ramanujan continued fraction,
which is defined by
R(q) :=
q1/5
1 +
q
1 +
q2
1 +
q3
1 + · · · = q
1/5 (q; q
5)∞(q
4; q5)∞
(q2; q5)∞(q3; q5)∞
, |q| < 1, (1.41)
and some identities developed in our paper [8].
We organize the paper in the following way. In the next section, we present some
useful definitions and lemmas that will be used in the subsequent sections. In Section
3, we prove Theorem 1.1, and deduce (1.12) and Corollary 1.2. In Section 4, we
prove Theorem 1.4 and Corollary 1.5. In Section 5, we prove Theorem 1.7 and the
congruences (1.31) and (1.32). In the last section, we prove Theorem 1.8 and Corollary
1.9.
2. Some useful definitions and lemmas
Ramanujan’s theta functions ϕ(−q) and ψ(q) are defined, for |q| < 1, by
ϕ(−q) :=
∞∑
j=−∞
(−1)jqj2 = (q; q2)2
∞
(q2; q2)∞ =
E21
E2
(2.1)
and
ψ(q) :=
∞∑
j=0
qj(j+1)/2 =
(q2; q2)∞
(q; q2)∞
=
E22
E1
, (2.2)
where the product representations arise from Jacobi’s famous triple product identity
[9, p. 35, Entry 19].
In the following lemma we record some well-known identities (See Berndt’s books [9,
p. 40] and [10, p. 165]), where the first three are 5-dissections of E1, 1/E1, and ϕ(−q),
respectively.
Lemma 2.1. If T (q) :=
q1/5
R(q)
=
(q2; q5)∞(q
3; q5)∞
(q; q5)∞(q4; q5)∞
, then
E1 = E25
(
T (q5)− q − q
2
T (q5)
)
, (2.3)
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1
E1
=
E525
E65
(
T (q5)4 + qT (q5)3 + 2q2T (q5)2 + 3q3T (q5) + 5q4 − 3q
5
T (q5)
+
2q6
T (q5)2
− q
7
T (q5)3
+
q8
T (q5)4
)
, (2.4)
ϕ(−q) = E
2
1
E2
=
E225
E50
− 2q(q15, q35, q50; q50)∞ + 2q4(q5, q45, q50; q50)∞, (2.5)
and
11q +
E61
E65
= T (q)5 − q
2
T (q)5
. (2.6)
In the following two lemmas, we recall some useful results from our recent paper [8].
Lemma 2.2. (Baruah and Begum [8, Lemma 1.3]) If x = T (q) and y = T (q2), then
xy2 − q
2
xy2
= K, (2.7)
x2
y
− y
x2
=
4q
K
, (2.8)
y3
x
+ q2
x
y3
= K +
4q2
K
− 2q, (2.9)
x3y +
q2
x3y
= K +
4q2
K
+ 2q, (2.10)
where K = (E2E
5
5)/(E1E
5
10).
Lemma 2.3. (Baruah and Begum [8, Eqs. (2.6), (2.7), (2.29)])
E55
E41E
3
10
=
E5
E22E10
+ 4q
E210
E31E2
, (2.11)
E32E
2
5
E21E
2
10
=
E55
E1E310
+ q
E210
E2
, (2.12)
E32E
2
5
E51E
2
10
=
E5
E22E10
+ 5q
E210
E31E2
. (2.13)
3. Proofs of Theorem 1.1, Eq. (1.12) and Corollary 1.2
Proof of Theorem 1.1. Employing (2.11) successively in (1.11), we see that
∞∑
n=0
pν(10n+ 8)q
n = 5
(
E310
E25
+ 4q
E2E
6
10
E31E
3
5
)
= 5
(
E310
E25
+ 4q
E1E
8
10
E2E75
+ 16q2
E1110
E21E
8
5
)
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Employing (2.3) and (2.4) in the above, extracting the terms involving q5n, and then
replacing q5 by q, we find that
∞∑
n=0
pν(50n+ 8)q
n = 5
E32
E21
+ 20q
E22E5E
5
10
E71
(
2
(
xy2 − q
2
xy2
)
−
(
y3
x
+ q2
x
y3
)
− 5q
)
+ 400q
E112 E
10
5
E201
(
2
(
x5 − q
2
x5
)
+ 3q
)
.
Employing (2.6), (2.7) and (2.9) in the above, we find that
∞∑
n=0
pν(50n+ 8)q
n = 5
E32
E21
+ 20q
E32E
6
5
E81
− 60q2E
2
2E5E
5
10
E71
− 80q3E2E
10
10
E61E
4
5
+ 800q
E112 E
4
5
E141
+ 10000q2
E112 E
10
5
E201
.
We reduce the above into the form (1.13) with the aid of (2.11) and (2.12) as shown
below:
∞∑
n=0
pν(50n+ 8)q
n = 5
E32
E21
+ 20q
E32E5E
3
10
E71
(
E55
E1E310
+ q
E210
E2
)
− 80q2E
2
2E
8
10
E61E
4
5
×
(
E55
E1E310
+ q
E210
E2
)
+ 800q
E112 E
4
5
E141
+ 10000q2
E112 E
10
5
E201
= 5
E32
E21
+ 20q
E62E
3
5E10
E91
− 80q2E
5
2E
6
10
E81E
2
5
+ 800q
E112 E
4
5
E141
+ 10000q2
E112 E
10
5
E201
= 5
E32
E21
+ 20q
E62E
4
10
E51E
2
5
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 800q
E112 E
4
5
E141
+ 10000q2
E112 E
10
5
E201
= 5
E32
E21
+ 20q
E42E
3
10
E51E5
+ 800q
E112 E
4
5
E141
+ 10000q2
E112 E
10
5
E201
= 5
E52E
4
5
E61E
2
10
+ 800q
E112 E
4
5
E141
+ 10000q2
E112 E
10
5
E201
.
✷
Proof of (1.12). Employing (1.15) in (1.13), then using (1.1), we have
∞∑
n=0
pν(50n+ 8)q
n ≡ 5 E
3
5
E1E10
≡ 5 E
3
5
E10
∞∑
k=0
p(k)qk (mod 25).
Extracting the coefficients of q5n+4, and then using (1.2), we easily arrive at (1.12). ✷
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Proof of Corollary 1.2. From (1.13), we have
∞∑
n=0
pν(50n+ 8)q
n ≡ 5
(
E52E
4
5
E61E
2
10
+ 160q
E112 E
4
5
E141
)
(mod 125).
Employing (2.13) in the above, we see that
∞∑
n=0
pν(50n+ 8)q
n ≡ 5
(
E35
E1E10
+ 165q
E2E
2
5E
2
10
E41
)
≡ 5
(
E35
E1E10
+ 165qE1E2E5E
2
10
)
(mod 125). (3.1)
Employing (2.3) and (2.4) in the above, extracting the terms involving q5n+4 from both
sides, dividing by q4, then replacing q5 by q, and then using (1.2), we obtain
∞∑
n=0
pν(250n+ 208)q
n ≡ 25
(
E55
E31E2
+ 33E1E
2
2E5E10
)
≡ 25
(
E45 ·
E21
E2
+ 33E1E
2
2E5E10
)
(mod 125). (3.2)
Employing (2.3) and (2.5) in (3.2), extracting the terms involving q5n from both sides,
and then replacing q5 by q, we find that
∞∑
n=0
pν(1250n+ 208)q
n ≡ 25
(
E41E
2
5
E10
+ 33E1E2E5E
2
10
(
xy2 + q − q
2
xy2
))
≡ 25
(
E35
E1E10
+ 33E1E2E5E
2
10
(
xy2 + q − q
2
xy2
))
(mod 125),
(3.3)
where x and y are as defined in Lemma 2.2.
Now, from [26, p. 56] ([2, p. 35, Entry 1.8.2]), we note that if k = qR(q)R2(q2) and
k ≤ √5− 2, then
ψ2(q)
qψ2(q5)
=
1 + k − k2
k
,
which can be seen to be equivalent to
xy2 + q − q
2
xy2
=
ψ2(q)
ψ2(q5)
=
E42E
2
5
E21E
4
10
, (3.4)
where the last equality is by (2.2).
Using (3.4) in (3.3) and then applying (1.15), we obtain
∞∑
n=0
pν(1250n+ 208)q
n ≡ 25× 34 E
3
5
E1E10
≡ 25× 34 E
3
5
E10
∞∑
n=0
p(n)qn (mod 125).
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Equating the coefficients of q5n+4 from both sides of the above, and then applying (1.2),
we arrive at
pν(6250n+ 5208) ≡ 0 (mod 125),
to finish the proof. ✷
4. Proofs of Theorem 1.4 and Corollary 1.5
Proof of Theorem 1.4. Employing (2.13) in (1.9) successively, we have
∞∑
n=0
pω(8n+ 4)q
n = 4
(
E52E10
E41E5
+ 5q
E62E
4
10
E71E
2
5
)
= 4
(
E1E
2
10
E25
+ 5q
E2E
5
10
E21E
3
5
+ 5q
(
E2E
5
10
E21E
3
5
+ 5q
E22E
8
10
E51E
4
5
))
= 4
(
E1E
2
10
E25
+ 10q
E2E
5
10
E21E
3
5
+ 25q2
E22E
8
10
E51E
4
5
)
.
Now applying (2.11) in the above successively, we see that
∞∑
n=0
pω(8n+ 4)q
n = 4
(
E1E
2
10
E25
+ 10q
(
E21E
7
10
E2E75
+ 4q
E1010
E1E85
)
+ 25q2
(
E1010
E1E85
+ 4q
E2E
13
10
E41E
9
5
))
= 4
(
E1E
2
10
E25
+ 10q
E21E
7
10
E2E
7
5
+ 65q2
E1010
E1E
8
5
+ 100q3
E1510
E2E
13
5
+ 400q4
E1810
E31E
14
5
)
. (4.1)
Employing (2.3) and (2.4) in the above, extracting the terms involving q5n+1, dividing
both sides by q, and then replacing q5 by q, we obtain
∞∑
n=0
pω(40n+ 12)q
n = −4E
2
2E5
E21
+ 40
E2E
2
5E
5
10
E71
(
x2y4 +
q4
x2y4
)
+ q
(
1300
E102 E
5
5
E141
+ 14400
E182 E
15
5
E321
(
x10 +
q4
x10
)
− 160E2E
2
5E
5
10
E71
(
xy2 − q
2
xy2
)
+ 80
E2E
2
5E
5
10
E71
(
y3
x
+ q2
x
y3
))
+ q2
(
2000
E92E
5
10
E131
− 200E2E
2
5E
5
10
E71
+ 283200
E182 E
15
5
E321
(
x5 − q
2
x5
)
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− 120E2E
2
5E
5
10
E71
(
x2
y
− y
x2
))
+ 113600q3
E182 E
15
5
E321
.
With the aid of (2.7) – (2.9), the above reduces to
∞∑
n=0
pω(40n+ 12)q
n
= −4E
2
2E5
E21
+ 40
E32E
12
5
E91E
5
10
− 80qE
2
2E
7
5
E81
− 280q2E2E
2
5E
5
10
E71
− 160q3 E
10
10
E61E
3
5
+ 1300q
E102 E
5
5
E141
+ 2000q2
E92E
5
10
E131
+ 14400q
E202 E
25
5
E341 E
10
10
+ 398400q2
E192 E
20
5
E331 E
5
10
+ 1736000q3
E182 E
15
5
E321
+ 3648000q4
E172 E
10
5 E
5
10
E311
+ 7296000q5
E162 E
5
5E
10
10
E301
+ 3686400q6
E152 E
15
10
E291
+ 3686400q7
E142 E
20
10
E281 E
5
5
= −4E
2
2E5
E21
+ 40
E22E10
E41E
3
5
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)(
E55
E1E310
+ q
E210
E2
)
+ A(q) +B(q)
= −4E
2
2E5
E21
+ 40
E72E
2
5
E71E10
+ A(q) +B(q)
= 36
E22E5
E21
+ 200q
E32E
3
10
E51
+ A(q) +B(q), (4.2)
where we also applied (2.11) – (2.13), and, for convenience, set
A(q) := 1300q
E102 E
5
5
E141
+ 2000q2
E92E
5
10
E131
and
B(q) := 14400q
E202 E
25
5
E341 E
10
10
+ 398400q2
E192 E
20
5
E331 E
5
10
+ 1736000q3
E182 E
15
5
E321
+ 3648000q4
E172 E
10
5 E
5
10
E311
+ 7296000q5
E162 E
5
5E
10
10
E301
+ 3686400q6
E152 E
15
10
E291
+ 3686400q7
E142 E
20
10
E281 E
5
5
.
Now, by (2.11), we have
A(q) = 1300q
E102 E
3
10
E101
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 7200q2
E92E
5
10
E131
= 1300q
E82E5E
2
10
E101
+ 7200q2
E92E
5
10
E131
(4.3)
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and
B(q) = 14400q
E202 E
20
5
E301 E
7
10
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 456000q2
E192 E
15
5
E291 E
2
10
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 3560000q3
E182 E
10
5 E
3
10
E281
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 17888000q4
E172 E
5
5E
8
10
E271
×
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 78848000q5
E162 E
13
10
E261
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 319078400q6
E152 E
18
10
E251 E
5
5
(
E55
E41E
3
10
− 4q E
2
10
E31E2
)
+ 1280000000q7
E142 E
20
10
E281 E
5
5
= 14400q
E182 E
21
5
E301 E
8
10
+ 456000q2
E172 E
16
5
E291 E
3
10
+ 3560000q3
E162 E
11
5 E
2
10
E281
+ 17888000q4
E152 E
6
5E
7
10
E271
+ 78848000q5
E142 E5E
12
10
E261
+ 319078400q6
E132 E
17
10
E251 E
4
5
+ 1280000000q7
E142 E
20
10
E281 E
5
5
Applying (2.11) five more steps as in the above for B(q), we obtain
B(q) = 14400q
E82E5E
2
10
E101
+ 744000q2
E92E
5
10
E131
+ 13160000q3
E102 E
8
10
E161 E5
+ 113600000q4
E112 E
11
10
E191 E
2
5
+ 528000000q5
E122 E
14
10
E221 E
3
5
+ 1280000000q6
E132 E
17
10
E251 E
4
5
+ 1280000000q7
E142 E
20
10
E281 E
5
5
. (4.4)
Therefore,
A(q) +B(q) = 15700q
E82E5E
2
10
E101
+ 751200q2
E92E
5
10
E131
+ 13160000q3
E102 E
8
10
E161 E5
+ 113600000q4
E112 E
11
10
E191 E
2
5
+ 528000000q5
E122 E
14
10
E221 E
3
5
+ 1280000000q6
E132 E
17
10
E251 E
4
5
+ 1280000000q7
E142 E
20
10
E281 E
5
5
.
Employing (2.13) in the above, we obtain
A(q) +B(q) = 15700q
E32E
3
10
E51
+ 829700q2
E42E
6
10
E81E5
+ 16916000q3
E52E
9
10
E111 E
2
5
+ 179400000q4
E62E
12
10
E141 E
3
5
+ 1096000000q5
E72E
15
10
E171 E
4
5
+ 3920000000q6
E82E
18
10
E201 E
5
5
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+ 7680000000q7
E92E
21
10
E231 E
6
5
+ 6400000000q8
E102 E
24
10
E261 E
7
5
.
Using the above in (4.2), we readily arrive at (1.16) to finish the proof. ✷
Proof of Corollary 1.5. Taking congruences modulo 5 on both sides of (1.16), we have
∞∑
n=0
pω(40n+ 12)q
n ≡ E
2
2E5
E21
(mod 5). (4.5)
Employing (2.3) and (2.4) in the above, extracting the terms involving q5n+2, dividing
both sides by q2, and then replacing q5 by q, we obtain
∞∑
n=0
pω(200n+ 92)q
n ≡ 3E
2
2E
2
5
E31
≡ 3E21E22E5 (mod 5),
where the last congruence is by (1.15). Once again invoking (2.3) in the above, ex-
tracting the terms involving q5n+1, dividing both sides by q, and then replacing q5 by
q, we find that
∞∑
n=0
pω(1000n+ 292)q
n ≡ −E
8
1E10
E32E5
≡ −E
2
2E5
E21
(mod 5). (4.6)
From (4.5) and (4.6), we see that
pω(1000n+ 292) = pω(40(25n+ 7) + 12) ≡ −pω(40n+ 12) (mod 5).
Iterating the above congruence as shown by Xia [31], one can easily arrive at (1.17) to
finish the proof.
✷
5. Proofs of Theorem 1.7 and the congruences (1.31) and (1.32)
Proof of Theorem 1.7. Employing (2.13) in (1.22), we find that
∞∑
n=0
sptω (2n+ 1) q
n =
E32E10
E5
+ 5q
E21E
5
10
E2E35
+ 25q2
E810
E1E45
(5.1)
Applying (2.3) and (2.4) in the above, extracting the terms involving q5n+1, dividing
both sides by q, replacing q5 by q, and then proceeding as in the previous section, we
obtain (1.33).
With the aid of (2.13), we can rewrite (1.33) as
∞∑
n=0
sptω (10n+ 3) q
n = 5
(
E21E5 + 6q
E2E
3
10
E1
+ 25q
E35E
2
10
E22
+ 250q2
E25E
5
10
E31E2
+ 625q3
E5E
8
10
E61
)
. (5.2)
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Now, let [q5n+r] {F (q)}, r = 0, 1, . . . , 4 denote the terms after extracting the terms
involving q5n+r, dividing by qr and then replacing q5 by q.
With the aid of Lemmas 2.1–2.3, omitting details, we find that
[
q5n+2
]{
E21E5 + 6q
E2E
3
10
E1
}
= 5
(
E1E
2
5 + 6q
E2E5E
3
10
E21
)
,
[
q5n+2
]{
25q
E35E
2
10
E22
}
= 125
(
2q
E31E
4
10
E42
+ 25q3
E31E
10
10
E102
)
,
[
q5n+2
]{
250q2
E25E
5
10
E31E2
}
= 250
(
E161 E
3
10
E152 E5
+ 150q
E131 E
6
10
E142 E
2
5
+ 5650q2
E101 E
9
10
E132 E
3
5
+ 101825q3
E71E
12
10
E122 E
4
5
+ 1068125q4
E41E
15
10
E112 E
5
5
+ 7042500q5
E1E
18
10
E102 E
6
5
+ 29800000q6
E2110
E21E
9
2E
7
5
+ 79000000q7
E2410
E51E
8
2E
8
5
+ 120000000q8
E2710
E81E
7
2E
9
5
+ 80000000q9
E3010
E111 E
6
2E
10
5
)
,
[
q5n+2
]{
625q3
E5E
8
10
E61
}
= 3125q
(
63
E82E
6
5
E111
+ 6500q
E82E
12
5
E171
+ 196875q2
E82E
18
5
E231
+ 2343750q3
E82E
24
5
E291
+ 9765625q4
E82E
30
5
E351
)
.
Invoking the above in (5.2), we obtain (1.34), as desired. ✷
Proofs of (1.31) and (1.32). Taking congruences modulo 625 on both sides of (1.34),
we have
∞∑
n=0
sptω (50n+ 23) q
n ≡ 25
(
E1E
2
5 + 6q
E2E5E
3
10
E21
)
(mod 625).
Employing (2.3) and (2.4) in the above, extracting the terms involving q5n+1, dividing
both sides by q, replacing q5 by q and then proceeding as in the earlier sections, we
obtain
∞∑
n=0
sptω (250n+ 73) q
n ≡ 25
(
−E21E5 + 6
E52E
2
5
E31E10
+ 120q
E62E5E
2
10
E61
+ 480q2
E72E
5
10
E91
)
(mod 625).
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Employing (2.13) and (1.15) in the above, we have
∞∑
n=0
sptω (250n+ 73) q
n
≡ 25
(
− E21E5 + 6
(
E21E5 + 5q
E2E
3
10
E1
)
+ 120q
(
E2E
3
10
E1
+ 5q
E22E
6
10
E41E5
)
+ 480q2
(
E22E
6
10
E41E5
+ 5q
E32E
9
10
E71E
2
5
))
≡ 125
(
E21E5 + 216q
2E
2
2E
6
10
E41E5
)
≡ 125
(
E21E5 + q
2E1E
2
2E
6
10
E25
)
(mod 625),
which readily implies (1.31). Again employing (2.3) in the above, extracting the terms
involving q5n+2, dividing both sides by q2, replacing q5 by q, and then proceeding as
before, we find that
∞∑
n=0
sptω (1250n+ 573) q
n ≡ 125
(
−E1E25 +
E102 E
3
5
E41E
2
10
)
(mod 625). (5.3)
Since by (1.15),
−E1E25 +
E102 E
3
5
E41E
2
10
≡ 0 (mod 5),
from (5.3), we readily arrive at (1.32) to finish the proof. ✷
6. Proofs of Theorem 1.8 and Corollary 1.9
Proof of Theorem 1.8. Employing (2.11) – (2.13) in (1.23), we see that
∞∑
n=0
sptω (2n+ 1) q
n =
E42E10
E1E5
+ 5q
E52E
4
10
E41E
2
5
= E2E
2
5 + q
E1E
5
10
E35
+ 5q
(
E1E
5
10
E35
+ 5q
E2E
8
10
E21E
4
5
)
= E2E
2
5 + 6q
E1E
5
10
E35
+ 25q2
(
E21E
10
10
E2E
8
5
+ 4q
E1310
E1E
9
5
)
= E2E
2
5 + 6q
E1E
5
10
E35
+ 25q2
E21E
10
10
E2E85
+ 100q3
E1310
E1E95
.
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Applying (2.3) and (2.4) in the above, extracting the terms involving q5n+2, dividing
both sides by q2, replacing q5 by q, we find that
∞∑
n=0
sptω (10n+ 5) q
n = −E21E10 − 6
E52E5
E31
+ 25
E102 E
2
5
E81E10
+ 500q
E132 E
5
5
E151
.
We now apply (2.11) and (2.13) in the above to arrive at (1.35) as shown below:
∞∑
n=0
sptω (10n+ 5) q
n
= −E21E10 − 6
(
E21E10 + 5q
E2E
4
10
E1E5
)
+ 25
(
E52E5
E31
+ 5q
E62E
3
10
E61
)
+ 500q
(
E82E
4
5E10
E101
+ 5q
E92E
3
5E
4
10
E131
)
= −7E21E10 − 30q
E2E
4
10
E1E5
+ 25
(
E21E10 + 5q
E2E
4
10
E1E5
)
+ 125q
(
E2E
4
10
E1E5
+ 5q
E22E
7
10
E41E
2
5
)
+ 500q
(
E32E
3
5E
2
10
E51
+ 5q
E42E
2
5E
5
10
E81
)
+ 2500q2
(
E42E
2
5E
5
10
E81
+ 5q
E52E5E
8
10
E111
)
= 18E21E10 + 220q
E2E
4
10
E1E5
+ 625q2
E22E
7
10
E41E
2
5
+ 500q
E32E
3
5E
2
10
E51
+ 5000q2
E42E
2
5E
5
10
E81
+ 12500q3
E52E5E
8
10
E111
= 18E21E10 + 220q
E2E
4
10
E1E5
+ 625q2
E22E
7
10
E41E
2
5
+ 500q
(
E2E
4
10
E1E5
+ 4q
E22E
7
10
E41E
2
5
)
+ 5000q2
(
E22E
7
10
E41E
2
5
+ 4q
E32E
10
10
E71E
3
5
)
+ 12500q3
(
E32E
10
10
E71E
3
5
+ 4q
E42E
13
10
E101 E
4
5
)
= 18E21E10 + 720q
E2E
4
10
E1E5
+ 7625q2
E22E
7
10
E41E
2
5
+ 32500q3
E32E
10
10
E71E
3
5
+ 50000q4
E42E
13
10
E101 E
4
5
.
The identity (1.36) can be proved in a similar way, therefore we omit the proof.
✷
Proof of Corollary 1.9. From (1.35) and (1.36), we have
∞∑
n=0
sptω (10n+ 5) q
n ≡ 3E21E10 (mod 5) (6.1)
and
∞∑
n=0
sptω (50n+ 25) q
n ≡ 2E2E25 (mod 5), (6.2)
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respectively. Employing (2.3) in (6.2), then extracting the terms involving q5n+2, we
arrive at
∞∑
n=0
sptω (250n+ 125) q
n ≡ 3E21E10 (mod 5). (6.3)
It follows from (6.1) and (6.3) that
sptω (250n+ 125) ≡ sptω (10n+ 5) (mod 5).
Iterating the above, we easily deduce the case ℓ = 1 of (1.37).
Next, from (1.36) and (2.3), we have
∞∑
n=0
sptω (50n+ 25) q
n ≡ 2E2E25
≡ 2E25E50
(
T (q10)− q2 − q
4
T (q10)
)
(mod 52). (6.4)
Extracting the terms involving q5n+1 and q5n+3, we arrive at (1.38). On the other hand,
extraction of the terms involving q5n+2 gives
∞∑
n=0
sptω (250n+ 125) q
n ≡ −2E21E10
≡ −2E10E225
(
T (q5)− q − q
2
T (q5)
)2
(mod 52),
which implies
∞∑
n=0
sptω (25(50n+ 25)) q
n ≡ 2E2E25 (mod 52). (6.5)
From (6.4) and (6.5), we have
sptω (25(50n+ 25)) ≡ sptω (50n+ 25) (mod 52),
which upon iteration proves the case ℓ = 2 of (1.37).
Now, from (1.36), we also have
∞∑
n=0
sptω (50n+ 25) q
n ≡ 77E2E25 + 100q
E22E5E
3
10
E31
(mod 53).
Employing (2.3) and (2.4) in the above, extracting the terms involving q5n+2, and then
using Lemma 2.2, we obtain
∞∑
n=0
sptω (250n+ 125) q
n ≡ 98E21E10
≡ 98E10E225
(
T (q5)− q − q
2
T (q5)
)2
(mod 53). (6.6)
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Therefore,
∞∑
n=0
sptω (1250n+ 625) q
n ≡ −98E2E25
≡ −98E25E50
(
T (q10)− q2 − q
4
T (q10)
)
(mod 53).
Extracting the terms involving q5n+2, we arrive at
∞∑
n=0
sptω (6250n+ 3125) q
n ≡ 98E21E10 (mod 53).
It follows from the above and (6.6) that
sptω (25(250n+ 125)) ≡ sptω (250n+ 125) (mod 53).
Iterating the above, we easily deduce the case ℓ = 3 of (1.37).
The remaining cases of (1.37) can be proved in a similar fashion. Therefore, we omit
the details and record only the successive generating functions.
For congruences modulo 54, we have
∞∑
n=0
sptω (50n+ 25) q
n ≡ 202E2E25 + 475q
E22E5E
3
10
E31
,
∞∑
n=0
sptω (250n+ 125) q
n ≡ 598E21E10 + 250q
E2E
4
10
E1E5
+ 125q2
E22E
7
10
E41E
2
5
,
∞∑
n=0
sptω (1250n+ 625) q
n ≡ −223E2E25 , (6.7)
∞∑
n=0
sptω (6250n+ 3125) q
n ≡ 223E21E10,
and
∞∑
n=0
sptω (31250n+ 15625) q
n ≡ −223E2E25 .
For congruences modulo 55, we have
∞∑
n=0
sptω (50n+ 25) q
n ≡ 2077E2E25 + 2975q
E22E5E
3
10
E31
,
∞∑
n=0
sptω (250n+ 125) q
n ≡ 598E21E10 + 1500q
E2E
4
10
E1E5
+ 1375q2
E22E
7
10
E41E
2
5
+ 1250q3
E32E
10
10
E21E
4
5
,
Congruences for Mock Theta Functions 21
∞∑
n=0
sptω (1250n+ 625)) q
n ≡ 2277E2E25 + 625q
E22E5E
3
10
E31
,
∞∑
n=0
sptω (6250n+ 3125) q
n ≡ −402E21E10,
∞∑
n=0
sptω (31250n+ 15625) q
n ≡ 402E2E25 ,
and
∞∑
n=0
sptω (156250n+ 78125) q
n ≡ −402E21E10.
Finally, for congruences modulo 56, we have
∞∑
n=0
sptω (50n+ 25) q
n ≡ 8327E2E25 + 15475q
E22E5E
3
10
E31
+ 6250q2
E32E
6
10
E1E5
,
∞∑
n=0
sptω (250n+ 125) q
n ≡ 13098E21E10 + 4625q
E2E
4
10
E1E5
+ 4500q2
E22E
7
10
E41E
2
5
+ 1250q3
E32E
10
10
E71E
3
5
+ 3125q4
E1410
E2E
6
5
,
∞∑
n=0
sptω (1250n+ 625)) q
n ≡ −3973E2E25 + 6875q
E22E5E
3
10
E31
+ 3125q2
E32E
6
10
E1E5
,
∞∑
n=0
sptω (6250n+ 3125) q
n ≡ 12098E21E10 + 12500q
E2E
4
10
E1E5
+ 12500q2
E22E
7
10
E41E
2
5
,
∞∑
n=0
sptω (31250n+ 15625) q
n ≡ 12902E2E25 , (6.8)
∞∑
n=0
sptω (156250n+ 78125) q
n ≡ −12902E21E10,
and
∞∑
n=0
sptω (781250n+ 390625) q
n ≡ 12902E2E25 .
Employing (2.3), with q replaced by q2, in (6.7) and (6.8), and then extracting the
terms involving q5n+1 and q5n+3 from the resulting congruential identities, we arrive at
(1.39) and (1.40) to finish the proof. ✷
22 Baruah and Begum
Acknowledgment
The authors would like to thank the referee for reading the manuscript with metic-
ulous care, uncovering several errors and offering his/her helpful suggestions. The first
author’s research was partially supported by Grant no. MTR/2018/000157 of Science
& Engineering Research Board (SERB), DST, Government of India.
References
[1] G. E. Andrews, The number of smallest parts in the partitions of n, J. Reine Angew. Math. 624
(2008) 133–142.
[2] G. E. Andrews and B. C. Berndt, Ramanujan’s Lost Notebook, Part I (Springer, New York,
2005).
[3] G. E. Andrews, S. H. Chan and B. Kim, The odd moments of ranks and cranks. J. Combin.
Theory, Ser. A. 120 (2013) 77–91.
[4] G. E. Andrews, F. G. Garvan and J. Liang, Combinatorial interpretations of congruences for the
spt-function, Ramanujan J. 29 (2012) 321–338.
[5] G. E. Andrews, A. Dixit and A. J. Yee, Partitions associated with the Ramanujan/Watson mock
theta functions ω(q), ν(q) and φ(q), Res. Number Thoery 1 (2015) Art. 19, 25 pp.
[6] G. E. Andrews, A. Dixit, D. Schultz and A. J. Yee, Overpartitions related to the mock theta
function ω(q), Acta Arith. 181 (2017) 253–286.
[7] G. E. Andrews, D. Passary, J. A. Sellers and A. J. Yee, Congruences related to the Ramanu-
jan/Watson mock theta functions ω(q) and ν(q), Ramanujan J. 43 (2017) 347–357.
[8] N. D. Baruah and N. M. Begum, Exact generating functions for the number of partitions into
distinct parts, Int. J. Number Theory 14 (2018) 1995–2011.
[9] B. C. Berndt, Ramanujan’s Notebooks, Part III (Springer, New York, 1991).
[10] B. C. Berndt, Number Theory in the Spirit of Ramanujan (American Mathematical Society,
Providence, RI, 2006).
[11] A. Blecher, Geometry for totally symmetric plane partitions (TSPPs) with self-conjugate main
diagonal, Util. Math. 88 (2012) 223 – 235.
[12] K. Bringmann, C. Jennings-Shaffer and K. Mahlburg, On a modularity conjecture of Andrews,
Dixit, Schultz, and Yee for a variation of Ramamunjan’s ω(q), Adv. Math., 325 (2018) 505 – 532.
[13] K. Bringmann, J. Lovejoy and R. Osburn, Rank and crank moments for overpartitions, J. Number
Theory 129 (2009) 1758–1772.
[14] S. -P. Cui, N. S. S. Gu and L. -J. Hao, Congruences for some partitions related to mock theta
functions, Int. J. Number Theory 14 (2018) 1055–1071.
[15] A. Dixit and A. J. Yee, Generalized higher order spt-functions, Ramanujan J. 31 (2013) 191–212.
(Special issue in honor of Mourad Ismail and Dennis Stanton)
[16] N. J. Fine, Basic Hypergeometric Series and Applications (American Mathematical Society, Prov-
idence, RI, 1988).
[17] S. A. Garthwaite, The coefficients of the ω(q) mock theta function, Int. J. Number Theory 4
(2008) 1027–1042.
[18] F. Garvan, Higher order spt-functions, Adv. Math. 228 (2011) 241–265.
[19] F. Garvan and C. Jennings-Shaffer, Exotic Bailey-Slater SPT-functions II: Hecke-Rogers-type
double sums and Bailey pairs from groups A, C, E , Adv. Math. 299 (2016), 605–639.
[20] M. D. Hirschhorn and J. A. Sellers, Arithmetic properties of 1-shell totally symmetric plane
partitions, Bull. Aust. Math. Soc. 89 (2014) 473–478.
[21] M. -J. Jang and B. Kim, On spt-crank-type functions, Ramanujan J. 45 (2018) 211–225.
[22] C. Jennings-Shaffer, Another SPT crank for the number of smallest parts in overpartitions with
even smallest part, J. Number Theory 148 (2015), 196–203.
[23] C. Jennings-Shaffer, Higher order SPT functions for overpartitions, overpartitions with smallest
part even, and partitions without repeated odd parts, J. Number Theory 149 (2015), 285–312.
Congruences for Mock Theta Functions 23
[24] C. Jennings-Shaffer, Exotic Bailey-Slater SPT-functions I: Group A, Adv. Math. 305 (2017),
479–514.
[25] S. Ramanujan, Some properties of p(n), the number of partitions of n, Proc. Camb. Philos. Soc.
19 (1919) 207–210.
[26] S. Ramanujan, The Lost Notebook and Other Unpublished Papers (Narosa, New Delhi, 1988).
[27] M. Waldherr, On certain explicit congruences for mock theta functions, Proc. Amer. Math. Soc.
139 (2011) 865–879.
[28] L. Wang, New congruences for partitions related to mock theta functions, J. Number Theory 175
(2017) 51–65.
[29] L. Wang and Y. Yang, The smallest parts function associated with ω(q), arXiv:1812.00379v1
[math.NT] 2 Dec 2018.
[30] E. X. W. Xia, A new congruence modulo 25 for 1-shell totally symmetric plane partitions, Bull.
Aust. Math. Soc. 91 (2015) 41–46.
[31] E. X. W. Xia, Arithmetic properties for a partition function related to the Ramanujan/Watson
mock theta function ω(q), Ramanujan J. 46 (2018) 545–562.
Department of Mathematical Sciences, Tezpur University, Sonitpur, Assam, India,
Pin-784028
E-mail address : nayan@tezu.ernet.in
Department of Mathematical Sciences, Tezpur University, Sonitpur, Assam, India,
Pin-784028
E-mail address : nilufar@tezu.ernet.in
